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Numerical Investigation of Three-Dimensional Active Control
of Boundary-Layer Transition

L. D. Krai* and H. F. Faselt
University of Arizona, Tucson, Arizona 85721

A numerical model is developed for the investigation of boundary-layer transition control of spatially evolving
instability waves. Active control of a periodically forced boundary layer in an incompressible fluid is simulated
using surface heating techniques. The Navier-Stokes and energy equations are solved using a fully implicit
finite-difference/spectral method. Temperature perturbations are introduced locally along finite heater strips to
directly attenuate instability waves in the flow. A feedback control loop is employed in which a downstream
sensor is used to monitor wall shear stress fluctuations. Active control of small-amplitude two-dimensional and
three-dimensional disturbances is shown. Both wave reinforcement and wave attenuation are demonstrated.
Active control of the early stages of the nonlinear fundamental breakdown process is also numerically investi-
gated. The high three-dimensional growth rates that are characteristic of the secondary instability process are
significantly reduced using either two-dimensional or three-dimensional control inputs to the heater strips. A
receptivity study of the processes by which the localized temperature perturbations generate instability waves in
the boundary layer is made. It is shown that the boundary layer is more receptive to narrow heater strips in that
they maximize the amplitude level of the disturbances in the boundary layer.

Introduction

C ONTROL of the laminar-turbulent transition process is
of considerable interest in aerodynamics and hydrody-

namics. Delay or prevention of transition significantly reduces
the viscous drag, although acceleration of transition may be
desired to delay separation, to enhance mixing for combustion
and chemical reactions, or to simulate higher Reynolds num-
ber flows in an experimental facility.

There are basically two approaches to control the transition
process. In the first approach the base flow is influenced to
alter the stability characteristics. The critical Reynolds number
at which the flow becomes unstable is increased or reduced,
depending on the modification to the base flow. This ap-
proach is characterized as passive control. The second ap-
proach to influence the transition process is active control in
which the disturbance flow resulting from the instability of the
base flow is directly influenced using wave superposition tech-
niques. The active control approach is discussed here.

Active control has been demonstrated in the experimental
work of Wehrmann,1 Schilz,2 Milling,3 Gedney,4 Strykowski
and Sreenivasan,5 Maestrello,6 Liepmann et al.7, and
Thomas.8 Wehrmann1 and Schilz2 first excited a Tollmien-
Schlichting (T-S) wave using a vibrating ribbon and then used
a flexible wall built into the flat plate to reduce the growing
T-S wave by forcing the flexible wall to move in phase opposi-
tion to the wave. Milling3 utilized two vibrating wires to intro-
duce and control disturbances at the same frequency with
phase and amplitude adjustments introduced to the second
wire. In the experimental work of Gedney,4 a T-S wave was
excited by sound and then nearly canceled by vibrating the
plate near the leading edge at the same frequency as the sound
signal. Strykowski and Sreenivasan5 vibrated a wire in a slot in
the plate to produce a disturbance and a second wire in an-
other slot downstream of the first was used to control the
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disturbance. Maestrello6 generated instability waves on an
airfoil using surface heating strips in a region of favorable
pressure gradient and then used sound as a control input at
near-normal incidence to reduce the perturbation. Liepmann
et al.7 used heating strips to excite instability waves in the
boundary layer. The thin metal strips were flush mounted on
the plate and subjected to various forms of time-dependent
temperature loading. A second set of heating strips was lo-
cated downstream in order to control the deliberately excited
T-S waves from the first heating element by inputting appro-
priate amplitude and phase perturbations to the second heat-
ing element. In an application of this study, Liepmann and
Nosenchuck9 used one heater strip and a hot film probe down-
stream to actively control the naturally occurring T-S waves.
The probe measured the wall shear stress fluctuations from
which a signal was synthesized to drive the heater strip out of
phase with the T-S waves, forming a feedback control loop.
Thomas8 has studied the development of the flowfield in the
boundary layer downstream of the active control measures. By
using two vibrating ribbons for the generation and control of
the instability waves, transition was delayed. However, down-
stream of the control measures very weak three-dimensional
background disturbances in the flow interacted with the pri-
mary two-dimensional waves, and the flow could not be com-
pletely restored to its undisturbed state. The appearance of
three-dimensional structures was significantly delayed when
the control measures were applied.
In addition to the experimental studies, several numerical

investigations of active control have been undertaken recently.
Two-dimensional numerical investigations of active control of
the boundary layer and channel have been made by McMurray
et al.,10 Bayliss et al.,11 and Bower et al.12 McMurray et al.10

have used the temporal stability model in which the flow was
assumed to be periodic in the streamwise direction. The distur-
bances then evolved in time. Control was achieved using peri-
odic wall motion. Bayliss et al.11 have numerically studied
active control of the spatially growing compressible boundary
layer. Amplitude reductions of 6% for heating and 12% for
cooling were achieved. Bower et al.12 have numerically investi-
gated active control of a single-frequency wave in the plane
channel using periodic wall suction and blowing. The compu-
tational model was based on the solution of the Orr-Sommer-
feld equation and an analytical expression was derived to
provide the amplitude and phase of the downstream surface
velocity distribution, which resulted in the suppression of the
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instability wave. This computational technique has been ex-
tended to include wave packet disturbances13'14 and periodic
surface heating.15 Three-dimensional numerical simulations of
active control have been conducted by Kleiser and Lau-
rien,16'17 Biringen et al.,18 and Zang and Hussaini.19'20 In all of
these simulations the temporal stability model was used.
Kleiser and Laurien16'17 have applied periodic wall suction and
blowing, fluctuating mass forces, and direct manipulation of
Fourier modes as control inputs. Biringen et al.18 have applied
periodic suction and blowing to control the flow. Zang and
Hussaini19*20 have performed similar three-dimensional tem-
poral simulations of the boundary layer and plane channel in
which they directly suppressed spanwise velocity and pressure
modes, leading to a delay in transition.

Important contributions have been made in the numerical
investigations of active control of boundary-layer transition.
However, for simplicity, streamwise periodicity of the flow
and/or a parallel mean flow was assumed (with the exception
of the two-dimensional spatial simulations of Bayliss et al.11).
However, nonparallel effects and the proper wave dispersion
can be incorporated only in spatial models. This aspect is
particularly important for active control so that accurate
changes in phase and amplitude can be determined for input to
the control device. In addition, the feedback control loop (as
in the experiments of Liepmann and Nosenchuck9) can be
realized only within the spatial framework with feedback con-
trol applied in the streamwise direction.

In this numerical investigation three-dimensional transition
control for the spatially developing boundary layer is consid-
ered. Active control is accomplished using periodic surface
heating. The numerical model allows for investigations of
spatially growing, three-dimensional disturbance waves in a
growing two-dimensional boundary layer and includes non-
parallel effects. The numerical method is based on the al-
gorithm developed by Fasel et al.21

In order to gain an understanding of the control aspects of
transition, small-amplitude disturbances are first considered.
Control of both the two-dimensional T-S waves and the three-
dimensional oblique waves is discussed. Through the simula-
tion of linear oblique waves, the applicability of the numerical
model for investigating three-dimensional transition control
can then be verified. A similar surface heating strip arrange-
ment and feedback control loop is employed, as was demon-
strated in the control experiments of Liepmann and
Nosenchuck.9 Although these experiments were two-dimen-
sional, the extension to control of three-dimensional, small-
amplitude disturbances is considered to be straightforward.
Robey22 and Corke23 have triggered three-dimensional waves
in the boundary layer by subjecting the heating strips to three-
dimensional time-dependent temperature loading.

The process by which localized heat disturbances are ini-
tially generated into T-S waves in the boundary layer is also
investigated. This process is referred to as receptivity as first
put forth by Morkovin.24 In an analytical study of boundary
layer receptivity, Heinrich et al.25 investigated leading-edge
receptivity to freestream disturbances and also the receptivity
produced by the interaction of acoustic waves with passive
suction slots. For the case of suction along a finite strip the
maximum receptivity was found to occur for very narrow
suction strips of less than one T-S wavelength, and receptivity
was minimized for strip length equal to one T-S wavelength.
In the analysis the mass flux at the wall was held constant.
Wlezien26 has experimentally validated the slot receptivity
mechanism predicted by Heinrich et al.25 In this work the
receptivity of the boundary layer to the short scale variation in
wall heating is examined. The motivation for this study is to
determine an optimal length of the heater strip in order to
maximize the receptivity of the boundary layer. Therefore,
more efficient heater strips can be designed that require a
minimal heat input.

Finally, active control applied at the early stages of the
nonlinear secondary instability process is shown. Active con-

trol of fundamental breakdown is simulated with the uncon-
trolled flow conditions similar to the laboratory experiments
of Klebanoff et al.27 Either a large-amplitude two-dimensional
or a small-amplitude three-dimensional control input to the
surface heater strip is introduced, and a comparison of the
influence on the three-dimensional growth is made.

Governing Equations and Boundary Conditions
The three-dimensional Navier-Stokes equations, in vorticity

transport formulation, are coupled with the energy equation
through the temperature-dependent viscosity ^-^(T). The
fluid considered in this investigation is water, and all other
fluid properties are assumed to be constant since the specific
heat, density, and thermal conductivity vary little with temper-
ature. The vorticity vector field co is denoted by
w = [cox,Wy,a>J, and the velocity vector field U is denoted by
U - [w,v,w] in the x, y, and z directions, respectively. The
vorticity transport and energy equations are given by

^ Vfa
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The Reynolds number is defined by Re = pU^L/p^, where
C/oo is the freestream velocity, L is a reference length, /*<» is the
freestream dynamic viscosity, and p is the density. The Prandtl
number is defined by Pr = /*oo c/k, where c is the specific heat
and k is the thermal conductivity. All variables in Eqs. (1) and
(2) are nondimensionalized as follows:

XX=I'
= ̂  (3)

t = T 'L

r-To,
Tw-Tm

where the subscript w represents the wall value, and the sub-
script oo represents freestream conditions. Note that a jRe
scaling is made in the normal direction. The nondimensional
vorticity components are given by

1 dv dw

dw du

(4a)

(4b)

(4c)
_ dw_1_ dv

"z ~ dy Re dx

From the definition of vorticity and the continuity equation,

Vi-£/ = 0 (5)

three Poisson equations are derived for the three velocity
components:

dwy d2v
dz dxdy

where

dydz

' dx2 dz2

(6a)

(6b)

(6c)

Flat plate

Sensor
Actuator

• Disturbance input
Fig. 1 Schematic illustration of spatial domain and coordinate sys-
tem for numerical simulations of active control.

The numerical method is based on the solution of Eqs. (1), (2),
and (6) for the three vorticity components, the temperature,
and the three velocity components. To complete the equation
system, an empirical relationship between the viscosity and
temperature is used.28'29

The base flow is two-dimensional and is represented by the
velocity components U = [UB,VB], the vorticity co^, and the
temperature TB. The base flow is obtained by solving Eqs. (1),
(2), and (6) for steady, two-dimensional, incompressible flow
with d/dz = 0, w = 0, co* = 0, and ay = 0.

Integration Domain
The coordinate system and spatial domain are shown in Fig.

1. The governing equations are solved in the x direction from
x = XQ to x = XH, where XQ is downstream of the leading edge.
The integration domain in the y direction extends from y = 0
to y = yM and covers several boundary-layer thicknesses. The
flow is assumed periodic in the spanwise direction with the
domain extending from z - 0 to z = Xz, where X2 is the span-
wise wavelength.

Boundary Conditions
The boundary conditions employed for the base flow are as

follows. At the inflow boundary, x = x0, the Blasius similarity
solution is imposed:

(7a)

(7b)

(7c)

(7d)TB(XOJ) = 0

At the ouflow boundary, x = XN, the following conditions are
employed:

dx

d2vB

dx2

dy

(*N,y) = o

(*N,;>) = O

d2TB

dx2 = 0

(8a)

(8b)

(8c)

(8d)

Equations (8) are derived from a consideration of the
boundary-layer equations and the continuity equation. At the
outer boundary, y=yM, the following conditions are en-
forced:

(9a)

(9b)

(9c)

(9d)

= 0

TB(xjM) = 0

Equation (9a) shows that no freestream pressure gradient is
imposed. The freestream boundary is positioned far away
from the wall so that Eqs. (9c) and (9d) are justified. At the
wall, 7=0 , the following conditions are imposed:

uB(x,Q) = 0

) = 0

(10a)

(10b)
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dy

dx

if XHB. <x<XHE.
otherwise

(lOc)

(10d)

(lOe)

where / = 1, NHS, and NHS denotes the number of heater
strips activated. Each heater strip is employed from
xHB.<x<xHEi. This local temperature distribution at the
wall represents a steady-state overheat due to the presence of
the heater strip.

For the calculation of the unsteady three-dimensional dis-
turbance flow, the following boundary conditions for the
disturbances are used. At the inflow boundary, all distur-
bances are assumed to be zero, or

(H)

where \l/ = {u9v,w,ux,uy9wz,T}. At the outflow plane, a mov-
ing boundary is employed that is propagated sufficiently
ahead of the disturbance wave. This moving boundary pre-
vents wave reflections and reduces computational time. At this
moving boundary, the following boundary condition is em-
ployed:

-r~i(xN,y,z,t)= -( (12)

This condition assumes that the disturbances are periodic in x
with a local wave number ar7V. This radiation condition is
sufficient for small growth rates, but the moving boundary is
found to be necessary for larger growth rates. At the outer
boundary, exponential decay for the v perturbation velocity is
assumed:

dv
—oy v(x9yM,z,t) (13a)

where a* is a wave number. The choice of a* is discussed in
conjunction with the numerical method. Again, the freestream
boundary is positioned far enough from the wall so that the
vorticity and temperature perturbations are assummed to be
zero there:

,t) = Q (13b)

(13c)

At the wall, no-slip conditions are employed:

w(jc,0,z,0 = 0 (14a)

w(x,0,z,0 = 0 (14b)

The v perturbation velocity component at the wall is a pre-
scribed function of A:, z, and t:

vw(x,z,t)
0 otherwise (14c)

This condition allows for localized time-dependent distur-
bances to be introduced into the flowfield and is used to
simulate a suction and blowing strip. For the three vorticity
components at the wall, the following boundary conditions
are used:

— ~Re dz (14d)

(14e)

(14f)

These equations result from the definition of vorticity and the
continuity equation. The wall boundary condition for the
temperature perturbation is similar to the v velocity compo-
nent:

if **»,**
otherwise (14g)

This boundary condition allows for time-periodic localized
wall heating. Finally, for the spanwise boundaries at z = 0 and
z = \9 periodicity conditions are employed. Thus, for all
variables,

(15)

Numerical Method

The numerical method is a combined finite-difference/spec-
tral technique in which finite differences are employed in the
x and y directions and a spectral representation is used in the
z direction. Since the flow is assumed to exhibit spanwise
periodicity, a finite Fourier series is used:

k = K/2

E
k= -K/2

(16)

where ^ = (U9V9W9QX9toy,toZ9Q)9 and 7 is the spanwise wave
number (related to the spanwise wavelength by 7 = 2?r/Xz).

The following nonlinear terms are first defined in physical
space:

a = (U- Vi)to-(co-Vi)£/

d =

(17a)

(17b)

(17c)

where a is the vector a = [aX9ay9az]9 b is the vector b =
[bx,by,bz], and the vector c is already defined. The nonlinear
term for the energy equation, c?, is a scalar. Note that since
viscosity varies with temperature, b is also a nonlinear term.

Substitution of the preceding relations into Eqs. (1), (2),
and (6) yields a new set of governing equations in terms of
Fourier modes rather than physical variables. The resulting
equation system is

dt

+ C

= B,, + '

dxdy

_
Re dx2

(18a)

(18b)

(18c)

(18d)

(18e)
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d2Wk

dx2 ~ dx ' dy

: Re Pr "dx2 + Pr "dy2 ~ Re Pr '

(18f)

(18g)

for

-1,0, K/2)

With this spectral approximation the following choice of a* in
the boundary condition for the freestream velocity has been
shown to be21

al = Jo2 + y2k2

Equations (18) are discretized using finite-difference
approximations of second-order accuracy in the x and y direc-
tions. The time derivatives are approximated by second-order
backward differences. The numerical method is a fully im-
plicit line iteration procedure. A detailed description of the
numerical procedure is given by Krai.30

Generation and Control of Disturbances
The discrete set of equations is solved first for the two-di-

mensional base flow. The disturbances are then introduced
into the solution domain for t >0. The disturbances are intro-
duced either through a suction and blowing strip or a surface
heater strip. The choice of disturbance input is discussed in the
next section. Figure 1 shows the localized strip locations. A
surface heater strip is located downstream of the disturbance
input and serves as the actuator. The wall sensor location is
also shown. For a disturbance introduced with periodic suc-
tion and blowing and controlled with periodic surface heating,
wall boundary conditions (14c) and (14g) employed over the
strips become in Fourier space

(19a)

(19b)

where eyk and e$k are amplitude inputs, &k is the dimensionless
frequency, H(t—t\) is the Heaviside function, and t\ denotes
the time at which the actuator heater strip is initiated. The
phase is adjusted by the parameter A4>k =jir- A0£, where
y = l for attenuation and j = 2 for reinforcement. The x dis-
tribution is prescribed through VWk(x) and QWk(x)9 respec-
tively. For a disturbance introduced with periodic surface
heating and also controlled with periodic heating, the follow-
ing wall boundary conditions are imposed:

(20a)

(20b)

(20c)

The suction and blowing strip and heater strip are spanwise
periodic. The two-dimensional disturbance is introduced for
k = 0, and three-dimensional oblique disturbances are intro-
duced into the solution domain for k > 0. The initial distur-
bance input begins about one disturbance wavelength from the
left boundary. The suction and blowing strip covers one T-S
wavelength, and the heater strip is one-half of a T-S wave-
length in length.

over the first heater strip:

and over the second heater strip:

Results
Active control is first applied to small-amplitude, two-di-

mensional and three-dimensional disturbance waves. This test
case provides a check on the numerical method. In particular,
the feedback control loop can be verified. Results of a recep-
tivity analysis of a two-dimensional surface heater strip for the
small-amplitude test case are also discussed. Finally, results of
active control applied to the early stages of the fundamental
breakdown process are shown. The Reynolds number and
Prandtl number used in these numerical simulations are

Control of Small-Amplitude Disturbances
For the small-amplitude case the following parameters are

chosen. The integration domain begins at RC^XQ) = 500,
where Re8l is the Reynolds number based on displacement
thickness. The integration domain extends for about 16 distur-
bance wavelengths in the x direction, where approximately 30
grid points are employed per disturbance wavelength. The y
domain spans 10 boundary-layer displacement thicknesses at
the inflow boundary, and the grid contains 50 intervals in this
direction. This time increment is chosen so that there are 60
time steps per period. The disturbances are generated at a
frequency of jS0 = /3i = 10, and the spanwise wave number is
7 = 20. Two Fourier modes are calculated (K — 2). For the
calculation of active control of small-amplitude disturbances,
the disturbance is introduced into the flow using periodic
surface heating and is also controlled with a surface heater
strip [Eqs. (20)]. The disturbance amplitudes eQoand e6l are
chosen so that the temperature perturbations create small-am-
plitude disturbance velocities of approximately 0.05% of the
maximum freestream velocity. They are also chosen so that
the temperature input from the heater strip represents heating
only and no cooling. This representation for the heater strip is
implemented by the addition of the steady-state component
[Eq. (10e)] to the oscillating component. This heater strip
design follows the experimental work of Liepmann and
Nosenchuck,9 in which both dc (mean temperature) and ac
(sinusoidal) heating were introduced. The temperature pertur-
bation amplitudes are set at eeo = 2/3 and e9l = 2/3. This am-
plitude input represents a temperature of 2°C above the
freestream temperature of 24° C for the oscillatory component
with the temperature nondimensionalized by TW-T00 = 3°C.
The steady-state component over the heater strip has a 3°C
increase above the freestream temperature. The functional
relationship used over the heater strip is a sin2 (x) distribution.

The disturbance flow is decomposed into a two-dimensional
wave (&=0) and a three-dimensional oblique wave (k = l).
The Fourier modes resulting from the time-periodic distur-
bance input over the heater strip without control applied are
shown in Fig. 2 for the U0 and U\ streamwise velocities.
Perspective representations of each Fourier mode are shown
after nine periods have been computed (time step L = 540).
The two-dimensional mode is shown in Fig. 2a, and the three-
dimensional mode is shown in Fig. 2b. The perturbation in-
puts are introduced just upstream of the lower branch of the
neutral curve of both the two-dimensional and three-dimen-
sional disturbances. The decay and then subsequent growth as
the neutral curve is crossed can be observed. The solution
domain does not encompass the upper branch of the neutral
curve.

The downstream sensor monitors the spanwise wall vorticity
(hence the wall shear stress). An appropriate phase relation-
ship is then found between the sensor and actuator for con-
trolling the instability waves. Several observations are made
concerning the signal to the actuator. First, the amplitude
input to the second heater strip is the same as that input to the
initial heater strip. Therefore, the amplification or damping
that takes place between the two surface heater strips is not
compensated for in these simulations. However, since the two
heater strips are near the neutral curve, the amplification rates
are small. Second, the phase is adjusted by the parameter
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xlO
6.

y/Ay

300

5.81

0.02

-5.77

T = 540

b)

60
120

x/Ax
y/Ay

Fig. 2 Fourier modes of the uncontrolled disturbed flow with the
disturbance introduced using a surface heater strip located between 30
<Jt/Ajt<45; a) for two-dimensional streamwise velocity £/o; and b)
for three-dimensional streamwise velocity U\.

: =j* - A</>£. The phase adjustments A</>£ are determined at
the downstream sensor. The phase change is calculated by

(21)

where arfc is the wave number based on the spanwise wall
vorticity QZk. The length Ax is the distance between the sensor
and the actuator. For these active control simulations the
sensor is located at x/Ax = 240 (Re8l = 885), or about four T-S
wavelengths downstream of the actuator. The phase inputs are
calculated from the spanwise vorticity disturbances with just
the first heater strip activated. These phase inputs are summa-
rized in Table 1.

Two numerical simulations of active control of small-
amplitude disturbances are run. The first case is withy = 1 so
that the actuator introduces disturbances that are out of phase
with the disturbances in the flow. The second case is withy = 2
so that the temperature perturbations introduced at the actua-
tor are in phase with the disturbances in the flowfield. Results
of both cases are now discussed.

The Fourier modes for the U0 and U\ velocities that result
from the application of the second heater strip are shown in
Figs. 3 and 4. Figure 3 shows the results for the out-of-phase
control (ory = 1), and Fig. 4 shows the velocity perturbations
with the in-phase control (or j - 2) applied. Both the two-
dimensional and three-dimensional modes show a strong re-
duction downstream of the actuator for the out-of-phase in-

Table 1 Parameters for active control
of small amplitude disturbances

k oir. A0£ ,rad

28.094
26.694

0.096
4.871

y/Ay

y/Ay

b)
Fig. 3 Fourier modes of the disturbed flow with out-of-phase active
control applied using an actuator located between 120<*/Ajt<135
and sensor at JC/AJC = 240; a) for two-dimensional streamwise velocity
t/o; and b) for three-dimensional streamwise velocity U\.

put, whereas a strong increase in amplitude can be seen for the
in-phase case.

A comparison of the active control simulations with the
uncontrolled flow is shown in Fig. 5, in which the amplitude
profiles for the UQ and U\ velocities are plotted. The profiles
are shown at the downstream sensor location of x/Ax = 240.
The amplitude levels are strongly reduced for the out-of-phase
perturbations and significantly increased with in-phase tem-
perature perturbations applied. It is noted that total cancella-
tion is not achieved for the in-phase heater strip case. If an
adjustment in the amplitude levels had been made, an even
larger reduction would probably have resulted. However, the
reduction in amplitude levels is already quite significant.

Figure 6 shows the amplitude growth downstream for the (70
and U\ velocities for both active control cases, as well as for
the uncontrolled case. The strong reduction (or increase) in the
amplitudes occurs shortly downstream of the actuator input,
but the growth rates are not altered since the base flow is not
influenced, except locally over the heater strip.
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40
30

20 y/Ay

300

-1.03

T = 540

b)

x/Ax
y/Ay

Fig. 4 Fourier modes of the disturbed flow with in-phase active control applied using an actuator located between 120< JC/AJC < 135 and sensor
at x/A* = 240; a) for two-dimensional streamwise velocity UQ and b) for three-dimensional streamwise velocity U\.
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Fig. 5 Comparison of amplitude profiles with active control applied; a) for two-dimensional streamwise velocity UQ and b) for three-dimensional
streamwise velocity U\.
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x

Fig. 6 Influence of active control on the streamwise amplitude growth: a) for two-dimensional streamwise velocity UQ; and b) for three-dimen-
sional streamwise velocity U\.

Receptivity of a Surface Heater Strip
The receptivity of the boundary layer to the localized tem-

perature perturbations is examined. By understanding the re-
ceptivity mechanisms of a discrete surface heater, more effi-
cient heater strips can be designed to maximize (or minimize,
depending on the application) a disturbance input. In addi-
tion, by understanding the processes by which a localized
temperature perturbation creates disturbance waves in the
flow, active control can be improved upon.

First, consideration is given to the length (in the streamwise
direction) of the heater strip. The streamwise temperature

distribution for the heater strip is of the form sin2(jt). This
shape function was chosen to approximately simulate a physi-
cal heater strip. Although the shape function also plays a role
in the receptivity mechanisms (as shown in the work of Hein-
rich et al.25), only the variation in the heater strip length is
considered in this receptivity analysis. Four discrete lengths
are studied in fractions of a two-dimensional T-S wavelength
(i.e., dHS/\TS= 1/4, 1/2, 3/4, and 1), where dm is the length
of the heater strip, and \TS is the T-S wavelength. Only a
receptivity analysis of the two-dimensional heater strip is con-
sidered, but a similar numerical analysis could be considered
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for three-dimensional oblique waves. An analytical receptivity
analysis of three-dimensional wall suction and roughness has
been made by Choudari and Kerschen.31 For this application
the maximum receptivity is desired, or the maximum distur-
bance amplitude created for the smallest heat input to the
heater strip. A constant amount of heat transfer, as an input
parameter, is not easily maintainable in the numerical simula-
tion. Therefore, the parameter e^0, representing a temperature
difference AT, is varied. Four different temperature distur-
bance amplitudes are considered: ef lo=l/3, 1.5/3, 2/3, and
2.5/3. Thus, for each ratio of dns/^rs four different levels of
heating are considered. Figure 7 shows a comparison between
the heat transferred over the heater strip and the level of
heating (or AT) for the four different ratios of dHS/\Ts- The
heat transferred increases with each incremental increase in
heating. The wider heater strips also have larger heat inputs
due to the larger surface area. To determine the most efficient
length of heater strip, the amplitude of the two-dimensional
wall vorticity is monitored at a downstream location of about
seven T-S wavelengths. The amplitude level created by the
time-dependent temperature perturbation input vs the amount
of heat input for each disturbance wavelength is shown in Fig.
8. It is observed from this figure that the smaller heater strips
are able to produce larger disturbances for an equivalent heat
input. Thus, the boundary layer is more receptive to the nar-
rower heater strips in terms of maximizing the disturbance
levels in the flowfield.

Although Heinrich et al.25 considered the interaction of an
acoustic wave and a discrete suction slot, the results of their
analysis are in qualitative agreement with the results of this
numerical investigation for a discrete heater strip. They found
the boundary layer more receptive to narrow suction strips.

In the experimental work of Nosenchuck32 and the analytic
work of Maestrello,33 an optimal ratio of the length of the
heater strip to the displacement thickness was found.
Nosenchuck found an experimental criterion of

and Maestrello found an analytical criterion of

For the different lengths of heater strips examined here, Table
2 shows the ratio of length to displacement thickness. Thus,
the 1/4 wavelength heater strip, which provides the highest
receptivity, also falls within the criterions of both Nosenchuck
and Maestrello.

Although the heater strip of length dHS/\rs = 1/4 has the
highest slope (or highest ratio of amplitude to heat input), a
large temperature difference e^0 is required to achieve the same
amplitude levels as the wider heater strips. A disturbance
amplitude of approximately 0.05% of the freestream velocity

is desired in the numerical simulations, and the heater strip of
length dHS = l/2\TS and e00 = 2/3 creates waves of this ampli-
tude level. Therefore, this heater strip is chosen for the simula-
tions of active control of small-amplitude disturbances.

Control of Secondary Instability
Results of active control applied at the early stages of the

nonlinear three-dimensional secondary instability process are
now shown. Control of the fundamental breakdown process is
investigated. The parameters chosen for the simulation of
secondary instability model as closely as possible the experi-
ments of Klebanoff et al.27

The parameters used in the study of active control of the
ordered peak-valley breakdown process are as follows. The
step size in the streamwise direction x is chosen so that there
are approximately 60 grid points per disturbance wavelength.
The normal step size is determined so that the y direction
spans 6.5 boundary-layer displacement thicknesses at the in-
flow boundary. The grid has 61 points in the normal direction
and 901 points in the streamwise direction. Thus, the stream-
wise domain contains about 15 disturbance wavelengths. The
time discretization is chosen so that there are 100 time steps
per disturbance period, and the frequencies for both the two-
dimensional and three-dimensional disturbances are @k= 5.88.
The span wise wave number is 7 = 24.3. In the region analyzed
numerical tests show that two Fourier modes are sufficient to
resolve the span wise flow.

For the active control simulations of secondary instability,
the disturbances are introduced through a discrete suction and
blowing strip at the wall. The strip is located one disturbance
wavelength downstream of the left boundary (xSBl = 6Q and
XSE^ = 120) and covers about one wavelength. The disturbance
amplitudes eVo and eVl are chosen so that the velocity pertur-
bations create disturbance waves of the same amplitude as that
observed in the experiments (eVo = 1.45 x 10~3 and eVl = 6.0 x
10~6). A fifth-order polynomial is used for the function
VWk(x) in Eq. (19a). A suction and blowing strip is employed
to introduce the disturbances in the flow, and a surface heater
strip is located one-half wavelength downstream to serve as
the actuator. The functional relationship over the heater strip
is sin(*). Some difficulties were encountered in attempting
active control of secondary instability. For active control to be
effective, the amplitude levels that are created at the heater
strip must be much larger than those for the small-amplitude
control simulations. These higher amplitude levels are difficult
to create with a single heater strip and with reasonable temper-
ature inputs; hence, the sin(x) distribution is used to allow for
more heat input than the sin2(jt) distribution.

Two active control cases are considered. In the first case
control of only the two-dimensional wave is attempted. In the
second case active control of only the three-dimensional wave
component is considered. A comparison is then made of the
effectiveness of a two-dimensional control input vs a three-
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Table 2 Comparison of displacement
thickness to heater strip length

Contour increment = 4.00 x 10 T = 800

1/4
1/2
3/4

1

9.8
19.4
28.8
38.0

Table 3 Parameters for active control
of fundamental breakdown

o, rad \, rad
30/31

0
0

10/11
3.5563

6.1781

dimensional control input. For both cases only in-phase con-
trol is considered. Table 3 summarizes the control parameters
for the two cases. The first row represents the two-dimen-
sional control case, and the second row represents the three-di-
mensional control case. For the two-dimensional case, the
two-dimensional amplitude input eeo represents a temperature
input of 30°C heating above the freestream with a steady-state
heating of 31°C. The heater strip covers about one-half of the
two-dimensional stream wise wavelength. For the three-dimen-
sional control case, the three-dimensional amplitude input e01
represents a 10°C heating above the freestream temperature,
with a steady-state overheat of 11°C. The three-dimensional
heater strip covers one-half of the three-dimensional stream-
wise wavelength. The length of the heater strip is chosen based
on the receptivity study. Several tests were made to determine
an appropriate heating level. The level of heating is high, but
the heater strip is not in a region of strong amplification, or a
lower heat input would have been sufficient. The three-dimen-
sional amplitude level that is generated from the heater strip
closely matches the amplitude level of the uncontrolled three-
dimensional flow for fundamental breakdown. The two-di-
mensional heat input is not sufficient to create the nonlinear
amplitude level existing in the flow. The amplitude generated
from the two-dimensional heater strip is about one-half as
large as the uncontrolled amplitude level. Also, it was found in
test calculations that increased heat input to the heater strip
did not result in the same increase in disturbance amplitude
levels. At higher temperatures, the viscosity variation with
temperature is not as strong and the higher levels of heating
become less effective. However, additional heater strips could
be used to reduce the two-dimensional levels further.

The phase adjustment is different in form when compared
with the small-amplitude active control investigations. For
these nonlinear simulations a transfer parameter is used that is
based on a method to determine transfer functions that Dit-
trich and Fasel34 have successfully applied for active control of
two-dimensional wave packet disturbances. Although the
same method described for control of small-amplitude distur-
bances could be applied here, the phase is undergoing rapid
changes downstream due to the nonlinear interactions, mak-
ing the previous method less reliable. A downstream sensor
again monitors the spanwise wall vorticity (or wall shear
stress). The sensor is located approximately one wavelength
downstream of the actuator. The transfer parameter is for a
single-frequency wave and is implemented in the following
manner. First, a numerical simulation run is made with the
heater strip only. The transfer parameter is determined from
the disturbance flow as follows:

(22)

where ftzk(xs,y =0) is the complex amplitude of the spanwise
wall vorticity at the location of the sensor, and t\ (xHsc>y = 0)
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Fig. 9 Comparison of spanwise velocity >v at z = Xz /4 for fundamen-
tal breakdown: a) without control applied; b) with two-dimensional
active control applied; and c) with three-dimensional active control
applied.

is the complex amplitude of the wall temperature at the center
of the heater strip. This transfer parameter is linear and repre-
sents the downstream response of the spanwise wall vorticity
to the local temperature perturbations. To determine the ap-
propriate phase adjustments that should be made for active
control, the spanwise vorticity at the sensor is monitored with
the disturbances emanating from the suction and blowing
strip. The complex amplitude for this quantity S§^(jcs,7 =0) is
then used to formulate the correct temperature input to the
heater strip:

(23)fi
The minus sign denotes a 180-deg phase adjustment necessary
for cancellation and is analogous to choosing j = 1 for the
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Fig. 10 Amplitude comparison at JC/AJC =389 and z =0 for funda-
mental breakdown with active control applied: a) for two-dimensional
velocity UQ and ft; b) for two-dimensional velocity UQ and 2fr; c) for
three-dimensional velocity U\ and 0i; and d) for three-dimensional
velocity U\ and 2fr.

small-amplitude case. From this complex temperature, ampli-
tude and phase adjustments to the heater strip can then be
determined. However, the amplitude levels are not adjusted in
the active control simulations because unreasonably high tem-
perature inputs would be required for the two-dimensional
active control case. The phases shown in Table 3 are deter-
mined from Eq. (23). The phase is calculated from

= tan" (24)

The procedure for determining the transfer parameter is car-
ried out for both the two-dimensional and three-dimensional
heater strips. Results of both simulations are now shown.

First, contours of the span wise w velocity at the peak plane
in the span wise direction are shown in Fig. 9. The uncon-
trolled flow is shown in Fig. 9a, and the two-dimensional and
three-dimensional active control cases are shown in Figs. 9b
and 9c, respectively. Comparison of these three cases shows
that a significant reduction in amplitude level and growth rates
for both active control cases has occurred.

To more closely examine the effect of active control on the
fundamental breakdown process, amplitude profiles for the
Uk velocity are shown in Fig. 10 for both active control cases,
as well as for the uncontrolled case. Comparison is made at
x/Ax = 389. Both the amplitude at the fundamental frequency
/3i = 0.588 and the first harmonic /32 = 2/3i are shown for both
the two-dimensional and three-dimensional wave components.
The amplititude levels of the U0 velocity are reduced with
either two-dimensional or 3-dimensional control applied. Al-
though only an oblique temperature perturbation has been
introduced at the heater strip for the three-dimensional active
control case, a two-dimensional steady-state component is
also present. This steady-state component remained very local
to the heater strip in the small-amplitude active control inves-
tigations due to the lower heating levels required. The steady-
state overheat in the nonlinear investigations is larger and
convects farther downstream. An analysis of the mean u ve-
locity has revealed fuller velocity profiles over the heater strip
and downstream of the heater strip. A linear stability analysis
of the mean flow has verified that the heated profile is provid-
ing a stabilizing influence. Therefore, the two-dimensional
amplitude is also slightly controlled with three-dimensional
active control applied. This passive control effect provides an
additional enhancement in stability because the two-dimen-
sional amplitude levels control the three-dimensional growth
rates. Also, it is noted that the two-dimensional periodic heat-
ing has caused a significant reduction in amplitude levels of
both the fundamental frequency and the first harmonic. The
important aspect to consider is the influence of active control
on the three-dimensional components. Considering Figs. lOc
and lOd, the three-dimensional amplitude levels for both the
fundamental frequency and the first harmonic are signifi-
cantly reduced with active control applied. The three-dimen-
sional control input shows a slightly stronger reduction than
two-dimensional control. For the two-dimensional control
case, the three-dimensional disturbance is reduced by lowering
the two-dimensional amplitude below the threshold limit
where three-dimensional resonance growth can occur. In the
three-dimensional control case, the three dimensional distur-
bance is directly attenuated due to the antiphased oblique
temperature perturbations introduced at the actuator. How-
ever, to fully compare the two control simulations, the effect
on the flowfield even further downstream must be considered.

Conclusions
A numerical method has been developed ot study the influ-

ence of control in the spatially evolving boundary layer. Ac-
tive methods of control using surface heating techniques have
been numerically investigated. Numerical simulations of ac-
tive control of small-amplitude two-dimensional T-S waves
and three-dimensional oblique waves have shown that periodic
surface heating can be an effective method of transition con-
trol. Localized periodic wall temperature perturbations an-
tiphased with the disturbances present in the flow resulted in a
significant reduction in the amplitude levels in the flow. A
receptivity study of a surface heater strip shows that the
boundary layer is more receptive to smaller heater strips in
that the narrower strips maximized the disturbance levels gen-
erated in the flowfield. Numerical simulations of active con-
trol of the fundamental breakdown process showed active
control using periodic surface heating to be a viable technique
for control at the early stages of nonlinear secondary instabil-
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ity. Either two-dimensional or three-dimensional localized
temperature perturbations were used, with the three-dimen-
sional control input providing a slightly more stabilizing influ-
ence than the two-dimensional control input. Because of the
high level of heating required to bring down the two-dimen-
sional amplitudes, two-dimensional active control is less effi-
cient than three-dimensional active control in terms of power
input required.
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